INTRODUCTION
In [DI] Deligne and Illusie gave a simple proof of the degeneration of the Hodge de Rham spectral sequence of a smooth proper scheme over a base of characteristic p>0 in degree less than p, which has a smooth lifting to a flat ZÂp 2 -scheme (See [FM] and [KK1] , also. For the logarithmic case, see [KK2] ). It is not known whether the degeneration holds or not in a degree greater than p. The following result is similar to that of [DI] , rather we work over the base of the Witt ring W n :=W n (k), where k is a perfect field of characteristic p>0 and n 2. Theorem 1.1. Let X be a smooth proper scheme over W n . If X has a lifting of the Frobenius of X Wn k and has a smooth lifting X over W n+1 , then the Hodge de Rahm spectral sequence
degenerates at E 1 for any i, j # Z.
See (2.3) below for a logarithmic version of this result and for a more general base. Under the assumption of (1.1) the degeneration in a degree less than p has been obtained in [O] (8.2.6) . Examples which satisfy the conditions of (1.1) and do not have liftings of Frobenius over W n+1 are article no. NT972112 obtained by [NS] Theorem 1 and deformation theory. (1.1) may seem to be peculiar at first glance, but the following result (1.2) and a theorem of Illusie-Raynaud on the degeneration of the slope spectral sequence of an ordinary scheme ( [IR] ) says that it is not so. Theorem 1.2. Let X 0 be a smooth proper scheme over k. If X 0 has a smooth lifting X 1 over W 2 and if there exists an endomorphism of X 1 which lifts the Frobenius of X 0 , then X 0 is ordinary. 1 (Recall that X 0 is said to be ordinary if
The key for proving (1.1) is to construct an isomorphism (0
) in a derived category. This is stated in Section 2. It is closely similar to the construction stated in [DI] . However in our situation, we need not divide differential forms by ( p&1) !. Therefore we do not have to restrict the degree of the Hodge de Rham spectral sequence to that less than p and we obtain the degeneration for any degree. In Section 3 the proof of (1.2) is given.
By convention, the word``log'' means``logarithmic.''
AN ISOMORPHISM IN A DERIVED CATEGORY
In this section we freely use terminologies on log schemes. Basic facts about them can be found in [KK2] .
Let n be an integer greater than 1 and (S , N ) a fine log scheme such that the underlying scheme is a flat ZÂp n+1 -scheme. We put (S, N) := (S , N ) ZÂp n+1 ZÂp n . Here we endow Spec ZÂp n+1 and Spec ZÂp n with their trivial log structures. We assume that there is a morphism F (S, N) of (S, N) which lifts the Frobenius F (S0, N0) of (S 0 , N 0 ) :=(S, N) ZÂp n ZÂp. Let h: (X, M) Ä (S, N) be a smooth integral morphism such that the induced morphism h 0 : (X 0 , M 0 ) :=(X, M) ZÂp n ZÂp Ä (S 0 , N 0 ) is of Cartier type. We assume that we are given a morphism F (X, M) of (X, M) satisfying the following properties.
(1) F (X, M) is a lifting of the Frobenius of (X 0 , M 0 ),
Step 2. We examine the difference of liftings of F. Suppose that we are given two liftings of F:
be the exact closed immersion. Let us consider the following diagram:
is a lifting of m).
We shall need the following formulas in Step 3.
These are obtained from the followings. Let m be a section of M$ and
(2.1.2): Since is O X $ -linear, it suffices to show (2.1.2) for x=d log m. By the definition of ,
Since H , G (d log m) and G , F (d log m) are divisible by p n&1 , the last formula
Hence (2.1.2) follows.
Step 3. Since h: (X, M) Ä (S, N) and h$: (X $, M $) Ä (S, N ) are smooth morphisms, we can find an open covering of X, U=[U i ] i # I such that there is a smooth integral lifting (
To be precise, for s # Z, we define a morphism ,
as follows:
(This morphism is similar to the interior product by`` i, j '' (cf. [NK] (1.2.2.2)). Here x 1 , ..., x s are sections of
). In what follows, we abbreviate the notation Ã. We must check two facts:
(1) (2.1.4) is well defined, i.e., the right hand is an alternating function of (x 1 , ..., x s ).
(2) (2.1.3) and (2.1.4) give a morphism of complexes.
To check these, we must use the assumption n 2.
(1) By (2.1.4),
s .
The sum of the 1st and the 3rd term of the above is
The last term is 0 by the same reason above.
, and let $ s&1 be the following morphism:
To check (2), we have to check (i), (ii), and (iii):
is the zero.
where
This shows (ii). Here we used the relation
Here we used the relation i, k (x : )= i, j (x : )+ j, k (x : ) (2.1.2). Because
(iii) follows from 2(n&1) n.
Step 4 (Suggered by the referee). By the construction of , it is clear that
is the Cartier isomorphism. The assertion that , is an isomorphism is local on X, we may consider the lifted situation as in Step 1. Since the components of | v X $ÂS and 
ZÂp Ä 0 is exact. Induction on n shows the claim above. Hence we complete the proof of (2.1). K Remark 2.2. The Frobenius of (X 0 , M 0 ) need not lift over ZÂp
where k is an integer greater than or equal to nÂ2+1 and a lifting (X $, M $) of (X $, M$) over (S , N ), there is an isomorphism ,:
) by the proof of (2.1). We will show the degenerations of Hodge de Rham spectral sequences including (1.1). Let us recall the morphism h: (X, M) Ä (S, N), and let h$ be the base change morphism of h by F (S, N) .
Corollary 2.3. Assume moreover that the underlying morphism of h between schemes is proper. Then, for all i, j # N, the morphism R j h * (
) is injective and locally split. Proof. This follows immediately from (2.1) and [O] (5.3.7). We explain this shortly. Put K=Rh
be the complex defined in [O] (5.3). As is claimed in [O] (8.2.6 ) T @ commutes with base change and derived functors. Applying the base change theorem [KK2] (6.10) and using (2.1), we get
This shows (K, B) is a Fontaine-complex ([O] (5.3.6)). Hence (2.3) follows from [O] (5.3.7). K
ORDINARY LOG SCHEMES
In this section the underlying base scheme S is the spectrum of the Witt ring W n =W n (k) of finite length (n # Z 1 ), where k is a perfect field of characteristic p>0. Let f: (X 0 , M 0 ) Ä (Spec k, N 0 ) be a smooth integral morphism of Cartier type of fine log schemes such that the underlying morphism X 0 Ä Spec k is proper. Following [BK] (cf. [IR] and [I2] ), we say f (or (X 0 
and by Fil H (resp. Fil C ) the filtration induced by the following Hodge de Rahm spectral sequence (3.0.1) (resp. the conjugate spectral sequence (3.0.1)):
A standard counting argument, by using the Cartier isomorphism, shows the degeneration of (3.0.1) at E 1 is equivalent to that of (3.0.2) at E 2 . For (3.1) below, let us recall the canonical lifting of the log structure N 0 on Spec k ( [HK] (3.1) ). The canonical lifting W n (N 0 ) on Spec W n is defined to be N 0 Ä Ker(W n * Ä k*) with a composite morphism
) is a fine log scheme and we obtain the topos ( X 0 ÂS n t ) log crys . Let O X0 ÂSn be the structure sheaf of ( X 0 ÂS n t ) log crys , and let us denote H m (( X 0 ÂS n t ) log crys , O X0ÂSn ) by H m log-crys (X 0 ÂW n ). We can define H m log-crys (X 0 ÂW) as in [BO] (7.2.6), where W is the Witt ring of k. As in the trivial log cases ( [IR] ) we obtain Proposition 3.1 (cf. [I2] Prop. 1.5).
(1) and (2) are equivalent:
(1) (X 0 , M 0 ) is ordinary. Assume the log-crystalline cohomology H m log-crys (X 0 ÂW) (\m # Z) is torsionfree. Then (1) and (2) are equivalent to (3) and (4). . Proof. The proof is the analogue of that in [IR] (4.13). K
The following statement was suggested to the author by N. Suwa.
Theorem 3.2. Let N be a fine log-structure on W 2 such that N W2 k=N 0 . If (X 0 , M 0 ) has a smooth integral lifting (X, M) over (Spec W 2 , N),
